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Construction of Cone 2-Norm Associated with
S-Cone Inner Product

Sadjidon, Mahmud Yunus, Sunarsini, and Lukman Hanafi

Abstract—This paper is devoted to discussing an inner product
in cone normed spaces and constructing S-cone inner products
to define S-cone inner product spaces, especially in ¢>-space.
Moreover, we also construct cone 2-norm spaces associated with
S-cone inner product spaces.

Index Terms—Cone Normed Spaces, S-cone inner product
spaces, Cone 2-Norm Spaces

I. INTRODUCTION

HE study of 2-norm space continues to grow and learn;
among others, the study of 2-norms by associating its
dual space that has been studied in [1][2][3], especially for
the ¢-space and the inner product space, and also in [4]
by studying the cone normed space. Therefore, taking into
account in [1][2] is developed a study of the cone 2-norm
and some of its properties described in [5][6]. Therefore,
concerning inner product space and in [4][5] it has been
developed and studied about the S-cone inner product space,
then they obtained the construction and definition of S-cone
inner product spaces, particularly for /s-space. They also
describe its properties, and construct its cone 2-normed such
that is obtained a definition of cone 2-normed associated with
a S-cone inner product.
To construct the S-cone inner product space, particularly
for ¢5-space, we need and use the following definitions and
notations.

Definition 1. [1] Let X be a real vector space. A norm on X
is a function || - || : X — R satisfying:

(N1) ||z|| > 0 for every x € X and ||z|| = O if and only if
=0

(N2) ||ax| = |af|||z|| for every x € X and o € R;

(N3) [z +yll = ll=ll + [yl

A vector space X equipped with a norm ||-||, written as

(X, I, is called normed space.

Definition 2. [1] Let X be a real vector space. An inner

product on X is a function (-,-) : X x X — R that satisfies:

M) {(x,z) > 0 for every x € X, and {x,x) = 0 if and only
ifx=0;

12) (z,y) = (y,z);

M3) {(ax,y) = a{x,y) for every x,y € X and o € R;

I4) (z+y,z) = (x,2) + (y, 2) for every z,y,z € X;
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A vector space X equipped with an inner product (-,]cdot),
also written as (X, (-,-)), is called inner product space.

Definition 3. [4] Let P be a subset of a Banach space FE
with zero element 0, then P is called cone if:

(i) P is a closed non empty set, and P # {0};
(ii) If a and b are positive real numbers, then ax + by € P
for every x,y € P;
(iii) PN (—P)={0}.

Additionally, a cone P has a relation < and = < y if and
only if y —x € P and z < y if and only if z < y and
x # y, while z < y means y — z € int(P) (interior of P).
Furthermore, we assume that E is the Banach space and P is
a cone in E.

Definition 4. [4] A cone normed space is an ordered pair
(X, |I-l,) where X is a linear space over R and ||-|,: X —
(E, P,|||]) is a function satisfying

(CD) ||z|l, = O for every x € X;

(C2) ||z||, = 0 if and only if x = 0;

(C3) ||lax||, = || ||z||, for every x € X and o € R;

(C4) |z +yll. < [zl + lyll, for every z,y € X.

Definition 5. [1] Let x be a d-dimensional real vektor space,

where 2 < d < oo. A 2-norm on X is a function |-,-|| :

X x X — R satisfying

(N1) ||z, y|| > 0 for ef=very x,y € X; and ||z,y|| = 0 if and
only if x and y are linearly dependent;

(N2) ||z, yll = [ly, z|| for every z,y € X

(N3) ||z, ayl| = |a] ||z, y|| for every x,y € X and o € R;

(N4) [z, y + 2| < [lz, yll + ||z, 2|l for every z,y,z € X.

A vector space X equipped with a 2-norm, also written as

(X, |5 -1), is called 2-norm space.

For historical issues regarding inner product spaces and 2-
normed spaces, we refer to the existing references; e.g. [7],
[1], [8], in which defined a standard norm:

2
lz, yll” =

(z,z) (z, y)‘
(y,z) (y,v)

= <$,3}> (y,y) - <$7y>2
= [|l2[* [lyl* = (=, 9)* .

As in [2], we define the 2-norm by associating its dual space
with (z, z):
(y,2)

x,y|| = su
ol =sup | (522 2]

Geometrically, the 2-norm is the area spanned by two vectors.

(z,y)
(z,w)

syw e 2|2, ] < 1}.
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Definition 6. [5] Ler X be a 2-normed space, and (E, ||-||)

be a Banach space, and P C E be a cone, then cone 2-norm

on X is a function ||-,-||o : X x X — (E, P, ||||) satisfying

the following properties:

(CN1) ||z, yllo = 0 for every x,y € X; and ||z,y||, = 0 if
and only if x and y are linearly dependent;

(CN2) ||lz,yllc = lly, x|l for every z,y € X;

(CN3) Jlaz,ylle = lal lle,ylle for every 2,y € X and o €
R;

(CN4) |z, y + 2o <
X.

A 2-normed space X equipped with cone 2-norm, written as

(X, 1[I, -llo) is called cone 2-normed space.

Iz ylle + |2, zll for every z,y, 2 €

II. RESULTS AND DISCUSSION

It is straightforward to verify that if P C R™ for non-
negative R, then P is a cone. As stated in [9], a function
i : €2 — (R, P,|1]) defined by [la]lc = S7_, ex llel,,
is a cone normed space. Multiplication on a cone norm is
defined as follows:

=Y e (lzll,,)’

k=1

lzllc llzllc = (lzlle)?

Let P be a subset of Banach space E and P is a cone, then
we define P = PU(—P), and P is called S-cone. Thus, from
the description of the inner product space and the meaning of
S-cone, we can construct and define a S-cone inner product
space as in the following definition.

Definition 7. A S-cone inner product space is an order pair

(X, (-,")¢) where X a linear space overR with P is a S-cone

inner product space and (-,-) : X x X — (E,P,||-||) is a

function satisfying:

(ICl) (w,x) =0 for every x € X; and (x,x), = 0 if and

only if ¢ = 0;

(IC2) (z,y)¢ = (y,x) for every x,y € X;

IC3) (ax,y) = a( Y) for every x,y € X and o € R;

(IC4) (z+y,2)c <x 2) e+ (Y, 2) o for every x,y,z € X.

If X is a real vector space, then (y, ), = (y, )¢ = (T, ) o
It is easy to show that {s-space with the standard inner

product is a Banach space, and its S-cone inner product is
given as follows.

Theorem 1. Let ({3, (-,-)) be an inner product space with P
is a S-cone, and we define a function

<'a '>C : 62 X 62 — (Rn77)7 ||||)

by (2,)e = o0y ek (4,9) M

then (-,-) is a S-cone inner product for {3-space.
Proof. We will show that (-, ) in (1) satisfies the following
properties:

(IC1) Since (z,z) > 0, then (z,x) = Y p_y ek (T,2) =
6 for every = € {; Furthermore, (z,z), =
>on_y ek (@, x) =6 if and only if (z,z) = if and only
if x = 0;

(IC2) <.’L‘7 y>Ci ZZ:l €k <.Z‘, y> = ZZ:l Ck <y7 CU>

Y, %) (y, ) forevery x,y € lo. Therefore (x,y) =

<y’ $>C;

<a$,y>c = 22:1 €k <a$>y> = aEZ:1 €k <$7y> =

a(z,y) for every z,y € {5 and a € R;

(IC4) For every z,y, z € {5 by triangle inequality of the inner
product, we have

8

—~

Ics)

1' +Yy,2 = Z ek T+Y, 2z
k=1
= er((z,2) + (y,2))
k=1
n n
= Zek I,Z> +Zek Y,
k=1 k=
= T, z>c + <y7 Z)C
Therefore, we can conclude that the function (-,-) . in
(1) is a S-cone inner product for ¢5-space. O

In an inner product space, vectors x and x are orthogonal
if and only if (z,y) = 0. We define orthogonality in S-cone
inner product spaces analogously to those in the inner product
space, which is given by the following theorems.

Theorem 2. Let ({2, (-,-)) be an inner product space with P
is a S-cone, and if we define a S-cone inner product (-,-) :
Uy x Ly = (R,P,[]]) by (z,9) o = 34y ex (x,y). then two
vectors x and y are orthogonal if and only if (x,y). = 6.

Proof. Since vectors x and y are orthogonal in an inner
product space, i.e. (x,y) = 0, we have

n
Eek

k=1

n

<I7y>c = Zek

k=1

(x,y) = -0=40.

On the other hand, if (z,y), = 6, then we get (z,y), =
>or_, €k (@, y) = 0. This result implies that (z,y) =0. O

Theorem 3. Let ({2, (-,-)) be an inner product space and the
S-cone inner product on {3-space is defined by (x,y). =

> ke €k (2, y), then
() (z,2)c = lz]c |2l

(i) (z,9)c < Izl e
Proof.
(i) Since (z,y)r = > p_jek(z,y), we have that

(,2)c = Zk ver (@, z) =
Z w1 €k ||| ||z]|.  Therefore, the multiplication
lzllcllzlle = Yrey z||, and it means that
(@, 2)c =2k ek ] Izl = Nzl Izl

(i) By triangle inequality of the inner product, we have

Yicyenlz]® =

n

@ye=> elmy)’ <> (=
k=1

n
2. 112 2 2
= > enlllzl® ly1*) = llzlie lylle

k=1
= (lzllc llylle)*

< lzlle Nyl O

) (Y, Y)

Thus, we have that (z, )
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Theorem 4. Let (2, (-,-)) be an inner product space and the
S-cone inner product on {s-space is defined by (x,y), =
v_q €k (z,y), then
(l) <x,y>c + <w’ Z>C = ZZ=1 ek(<x»y> + <w’ Z>)
(i) (az,y)c = a{z,y)c.
(iii) If ¢ is an angle between vectors x and y in {s-space,
then (z,y)c = ||z/lc lyllc cos ¢.
Proof.
® <x,ny>c+ (w,2)c = p_y en (T, y)+ 20 e (w, 2) =
el g+ ().
(11) <OLSC,y>C = Zk=1 €L <O‘x7y> =

ad g en{zy) =alz,y) e
(iii) Since (z,y) = ||z ||ly| cos ¢, then

(@.9)o =Y en(z,y) =Y e llall yllcos o
k=1

k=1

ZZ:l (S71e3 <‘T7 y> =

n
cosp Y exlall lyll = llzlle vl cos .
k=1

Therefore, we get (z,y) = ||z| - [|y]lo cos ¢. O

From the discussion of the cone norm and S-cone inner
product, we obtain its properties, among others: additive,
multiplication with a scalar and multiplication between two
cones. Furthermore, we construct and define a cone 2-norm
associated with the S-cone inner product.

Let (y-space be a 2-normed space. A function ||-,-||, :
2 x ly — (R, P]), be defined by |z,y|, =
>kt ek |1z, yll,,, is a cone 2-normed space. In this case, we
call ¢5-space as cone 2-normed spaces. The reason for the
name can be explained as follows.

For every x,y,z € ¢ and o € R, the following statements

hold:

(CN1) vayHC = ZZ:l €k ”x’yHZz
because ||z, yl,, > 0.

CNY) [z,ylc = Dp_yerlz.yl,, = 0 if and only if
lz,yll,, = 0 as 2-normed space, then ||z, y|,, = 0
if and only if z and y are linearly dependent.

(CN3) HxvyHC = Z::l €k ||x7y||42 = ZZ:I €k ”yﬂxHZg =
||y,x HC

(CN4) Since [|lz,y + z|| < [|l2,yl[ + ||y, 2. then

= 0 for all z,y € X,

n
lz,y + 2l =D exlle,y + 2,
k=1
n

<> (el + o, l,,)

k=1

n n
=> elzyly, + ) lla.zl,
k=1 k=1

= [z, ylle + . 2l -
Which means that (z +y,2) < (2,2) ¢ + (¥, 2) -
Therefore, an ¢5-space is a cone 2-normed space.

Theorem 5. Let ({5, (-,-)) be a S-cone inner product on {s-
space, then

n
2 2 2
Iz ylle = el ylly, = =g vz — (@) o)

k=1

And also (. 2) (2.5
2 |{zx)e (T
T, =
|| yHC (y,x}c <yay>C
Proof. From the definition of the |-, ||, we have
2 _ . 2 _ S <(,U,II?> <.’L',y>‘
(HLy”c) ;ek(llw,yllzz) ;616 . z) (y,y)
= exl(@,z) (,9) — ((x,9))7]
k 1
:Zek z,z) (y,y) Z k((2,9))?
=1
= < T, >C <yay>c - ((x,y)c)2
2 2
= lzlle llylle — (zy)e)™
Therefore, we have
2 2 2
2, ylle = Zek ||95ayHe2 = [lzllc lyllic — (<$ay>c)2~
k=1
In addition,
n
2
Zek z,2) (Y, y) Z (z,y)
—Zek z,2) (Y, y) Z (x,y) (y, )
= ||l’||c lyl&: = (@, 9) ¢ <y,x>c~
Since [la][% = [lz. 2]l and [[y]% = (y.4): then
Il yl15 = =& 1916 = (@ 9o (v, 7)o
= (@, 2)c (W ¥)e — (T y)e W, 2)
Here we have ||9c,yH2c _ |fmmle (ol
(. x)e WY)c

Example 1. Let (¢, (-,-)) be an inner product space with P
a S-cone in R?. If we define a function

<'7 '>C : 62 X 62 - <R27P7 ||||)
by <x,y>c = (<xay>7<$7y>)v (2)
then (-,-) is a S-cone inner product in /-space.
We show that (-, ), satisfies the following properties:
(ICl) Since (x,z) > 0, then (z,z), = ((z,z),(z,x)) =
6 for every = € (. Furthermore, (z,z), =
({x,x),{x,z)) = 0 if and ony if (z,z) = 0 if and

only if z = 0.
(Ic2) <x7y>C = (<I,y> ) <y,$>) = ((y,x>,<y,z>) = <y’x>C
= {y, )¢

for every z,y € {s.
Thus, we have (z,y) .
(IC3) From the property of multiplication by scalar, we have
= a((z,y), (z,y))

<Oél‘,y>c = (<OZ£E,y> 9 <Oéil’,y>)
= a(z,y)¢

for every x,y € {5 and a € R.

(IC4) Using triangle inequality of innter product, for every
x,y, 2z € £, we have

(T+y,2)0 =z +y,2),(r+y,2))



INTERNATIONAL JOURNAL OF COMPUTING SCIENCE AND APPLIED MATHEMATICS, VOL. 9, NO. 2, NOVEMBER 2023 59

< (z,2) + (y,2) (2, 2) + (, 2))
= ((z,2),(z,2)) + ((y,2), (y,2))
= <‘T’Z>C + <ya >C

Then, we conclude that (-,-) in (2) is a S-cone inner product
in 62.

Example 2. Let ({2,],||) be a standard 2-norm space and
(L2, {(-,-))is a S-cone inner product space as in Example 1. A
function ||, || : €2 X €2 — (R?, P, ||-||) defined by

lz,ylle = (llz, e, » = yll,, ) 3)

is a cone 2-norm in ¢s-space.
We see that it is defined as the standard norms:

(z, )

gl = |59 0 = (a2 ()~ (o0)°
= ol 1? - (o)

and implies that

(I, ylle)* Nz, ylle lzylle

2 ylle, 2, ylle,) - Ul wlle, » 12, ylle,)
Iz, yll7, - I 9117, )

(
(
((z,2) (y, ) — (2,9)* , (z,
(
(
= (z

) (y,y) — (2,9)%)

= ((z,2) (¥, y) — (2, 9) (v, ), (2, 2) (Y, y) — (2, 9) (y,2))
= ((z,2) (v, v) , (=, 7) (y,9)) — (2, 9) (v, 2) , (z,9) (y, 7))
x, > < >C - (x,y)c <yax>C

Therefore Hx’yHC = <£E,.’L’>C <yv y>C - <£E, y>C <y7x>C‘
(z,2)0 (2,9)0
(v, 2)e (WY

Now, we arrive at the main result of this paper, formulated

in the following theorem.

In other word, it means that ||z, y||?j =

Theorem 6. Let ||z,ylo = Yop_ ex ||z,yll,, be a cone 2-
norm and p an angle between vectors x and y in {2-space,
then

2 2 12
z,yllc = (1— cos® ) lzlc vl -

Proof. Since ||z, yllc = >i_ ek [z, yll,, is a cone 2-norm,

()0 (,9)c

. It means that
<ya x>C <y7 y>C

then we have ||x,yHé =

2 2 2
H9571U||c = ||93||C HZJHC = (z, y)c <ya$>c

zzek el yl? = 3 ex (a.9) (9. 2)
k=1

el I - ¢z.0))
k
=
(

Il
-

1 —cos® @) (2, 7)o (¥, Y) o
2 1 12
1—cos* @) |zllZ vlle -

Corollary 1. et ||z,yllc = >2p_; ex |z, yll,, be a cone 2-
norm and @ an angle between vectors x and vy in {s-space.

Then ||z, yllc = [zl ¢ [1yllc sin .

In a S-cone inner product space, two vectors x
and y are orthogonal if and only if (z,y), = 6. It
implies that (z,y), = |z|sllyllccose = 6, and
also [yl = [l lylE — (e.y)%. and we have
lz,ylle; = llzlie lylle: — 6 = llzli& lylle- As a conclusion,
we have [z, yl|o = [zl lyllc-
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